An original phenomenological thermo-visco-plastic model is reported that encompasses strain hardening, strain rate and temperature sensitivity. The model is based to some extent on the concept of physical modeling proposed earlier by Klepaczko [Klepaczko, J.R. 1975 The thermo-visco-plastic formulation, called RK and applied in this paper, has been verified experimentally for strain rates of 10 À4 s À1 6 _ e p 6 5 Â 10 3 s À1 and temperatures 213 K 6 T 6 393 K, it covers the range of dynamic loadings observed during crash tests and other impact problems. In order to implement the RK constitutive relation, a thermovisco-plastic algorithm based on the J 2 theory of plasticity is constructed. The type of algorithm is a return mapping one that introduces the consistency condition ðf ¼ r À r y ; f ¼ 0Þ, without the overstress state proposed by Perzyna [Perzyna, P. E mail address: rusinek@lpmm.univ metz.fr (A. Rusinek).
Introduction
Behavior of materials at high strain rates and at different temperatures is of high priority in the sphere of crashworthiness. In order to understand the evolution of deformation fields and the mechanisms of failure at high loading rates, precise analytical and numerical tools are required. In this study, the prime interest is the quasi-static and dynamic behavior of the mild steel ES used in the automotive industry. The study of a specific material for a well-determined application, in this case the automobile crash, circumscribes the work area in terms of the effective stress r, the effective plastic deformation e p , the effective strain rate _ e p , and the temperature T (see Table 1 ). The reason for developing an advanced phenomenological approach is the ease with which this type of constitutive relation r ¼ f ðe p ; _ e p ; T Þ may be introduced into finite element codes such as ABAQUS (2004) . It is assumed that an adequate precision in material characterization can be achieved, as in the case of a physical formulation in which, for example, the evolution of dislocation density is taken into account. The difficulties of applying the physical formulation to finite element codes lies in a set of differential equations introduced to follow the evolution of the microstructure defined by one or more internal variables, then the constitutive relation is more complicated, for example r ¼ f ½e p ; _ e p ; T ; S j ðe p ; _ e p ; T Þ, where S j is a set of j internal state variables. It is clear however that with the phenomenology approach a simplification can be arranged more precisely on the basis of physical notions leading to a constitutive relation of the form r ¼ f ðe p ; _ e p ; T Þ. This is an approach defined as the Mechanical Equation of State (MES) with absence of strain rate and temperature history effects, Klepaczko and Duffy (1982) . Here, a comparison is also made between the proposed constitutive relation, called RK, and other formulations, such as Johnson and Cook (1983) or Cowper and Symonds (1952) , implemented originally into commercial finite element codes. However, many others constitutive relations are frequently used to simulate dynamic processes. The most common approach is that derived via analogy to dislocation dynamics, for example Zerilli and Armstrong (1987) . The previous list is not exhaustive and comparison between several formulations was discussed by Liang and Khan (1999) .
Another group of constitutive relations, without assumption of the MES, is based on hypothetical evolution of the rate of strain hardening, h ¼ gðe p ; _ e p ; T Þ, where h ¼ dr=de p . Some typical examples in that group are constitutive relations introduced for example by Bodner and Partom (1975) , Kocks (1976) , Klepaczko (1987 Klepaczko ( , 1994 , more recently by Molinari and Ravichandran (2005) and also others. The best example is the Mechanical Threshold Stress (MTS) model, Follansbee and Kocks (1988) . The main problem with this concept is a serious difficulty in formulation of a precise explicit mathematical form of the evolution of strain hardening rate h with plastic strain, strain rate and temperature. Even if this task is accomplished correctly the integration of the differential equation with a complex g-function leads to non-closed form solutions for stress. In addition, the current values of strain hardening rate must be always updated during numerical integration. Therefore the CPU may be much extended in more complicated engineering problems. In conclusion, the RK constitutive relation presented in this paper is limited to the MES with a possibility to apply standard material model subroutines available in many commercial computer codes.
Analysis of the thermo-visco-plastic behavior of a mild steel
The behavior of mild steel reported in this paper can be assumed as a reference since it has been analyzed by several laboratories in the last decade. It is the cold rolled mild steel after an annealing to reduce the rolling effect that causes residual stresses and anisotropy. Elements such as aluminum and titanium are added in small proportion (<0.1wt%) to produce fine-grained material and formation of carbides to increase the failure stress level (see Table 2 ). After rolling and annealing the average grain size obtained by the image correlation was / 16 lm. The distribution of length to width of grains showed the characteristic elliptic grain shape oriented along the rolling direction. Those microscopic observations were performed to gain some knowledge on anisotropy caused by geometric and spatial grain distribution. Of course, there is also an anisotropy effect related to the crystallographic texture and microstructure. In addition to several metallurgical analyses, the tension tests were performed in two directions, complementary to the rolling direction, that is u 1 45°and u 2 90°. No effect of rolling direction was found on the macroscopic behavior even if the grain shape was not equi-axial. For the reasons given above, the isotropy is assumed in the description of the material behavior, and the J 2 theory is applied as in 3D generalization by Zaera and Fernández-Sáez (2006) .
To complete the dynamic and quasi-static testing, the tension tests were performed at room temperature. The temperature tests were performed in 213 K 6 T 0 6 373 K at different strain rates 10 5 s 1 6 _ e p 6 10 1 s 1 . The final results are shown in Fig. 1 in the form of the nominal stress versus the nominal strain, r n (e n ). The first observation is an increase of the strain rate sensitivity as temperature decreases, more precisely when the temperature is between RT (room temperature) and T 0 213 K, inducing at the same time a decrease of ductility, e n < 0.1 at strain rate _ e p P 10 1 s 1 . The substantial increase of stress with strain rate at low temperatures allows determination of the transition between the athermal and thermally activated states of strain hardening. In fact, the reciprocity strain rate/temperature may be defined and analyzed. It is well known that an increase of strain rate is equivalent to a reduction of temperature, therefore, when the test temperature is lowered, the strain rate to reach the thermal activation process is reduced. This reciprocity is the foundation of the physical modeling based on the processes of thermal activation. The T À _ e relation applied in constitutive modeling by many authors is generally expressed by the Arrhenius equation, Eq. (1), combined with the frequency factor, Eq. (2), Klepaczko (1987) . The relation between strain rate and temperature within the thermally activated regime of plastic deformation can be evaluated directly from the standard Arrhenius relation, Conrad (1964) 
where q m is the density of mobile dislocations, n is the kink geometry factor, b is the modulus of Burgers vector, m D is the Debye frequency, DG is the free energy of activation, k is the Boltzmann constant and r * the effective stress (Peierls stress in BCC lattices) related to the strain rate and temperature. The frequency factor _ e 0 ¼ nq m b 2 m D is directly related to the mobile dislocation density q m . The transition point ð _ e tr p ; T tr Þ from the thermally activated plastic flow to ''athermal'' state is defined when the effective stress is ceased, that is when r * 0.
The strain rate-temperature equivalence forms the basis of the semi-phenomenological RK constitutive model (Rusinek and Klepaczko, 2001) . The effective stress r * defines variation of flow stress due to thermally activated dislocation dynamics at different strain rates and temperatures. This effect is caused by dislocation jumping over the thermally activated short-distance obstacles (Conrad, 1964) . In the BCC lattice this is the Peierls potential. If an explicit relation DG(r * ) is known then Eq. (1) can be inverted and the effective stress determined. In the non-linear approach, which is suitable for BCC metals, the free energy of activation is given by Kocks et al. (1975) , where DG 0 is the average activation free energy required to overcome a local obstacle without applied stress and p and q are geometric parameters which define the shape of obstacles. Generally, the values used for p and q are 0 6 p 6 1 and 1 6 q 6 2 (Gilman, 1968; Klepaczko, 1981; Kocks et al., 1975; Hoge and Mukherjee, 1977; Uenishi and Teodosiu, 2004) . If the effective stress is zero then DG DG 0 . Substitution of Eq. (3) into Eq. (1) yields the explicit form for the effective stress:
The transition to the ''athermal'' mode of plastic flow is defined by posing r Ã ¼ 0, then
According to Seeger (1957) the total flow stress is composed of two parts, the effective stress r Ã and the ''athermal'' stress component r l , then r ¼ r l þ r Ã . In general, due to more complex dislocation processes both stress components depend on strain, strain rate and temperature, (Klepaczko, 1975) , then
For _ e p 6 _ e tr p and T P T tr , Eq. (6) reduces to the following form r e p ; _
In Eq. (6) the effective stress depends also on plastic strain. This is caused by the fact that the evolution of the mobile dislocation density depends on the evolution of plastic strain. The strain hardening is assumed in Eq. (6) in the form of MES. Therefore, Eq. (6) constitutes the fundamental base, supported by some physical processes of plastic deformation, in construction of the RK constitutive relation (Rusinek and Klepaczko, 2001 ). The internal stress is discussed more exactly in the further part of this paper. Combining all the experimental results obtained for the ES steel, it is possible to estimate the transition strain rate with the initial temperature applied during the tests. The effect of the strain rate at different temperatures is shown in Fig. 1 . In general, the logarithmic strain rate sensitivity m is defined by Eq. (8).
In mild steels, the mean value of m is considered constant and equal to m % 0.02. In the present case, the value of m found at room and higher temperatures is close to this value, Fig. 2a and b. However, at low temperatures, T < 300 K, a strong increase of the logarithmic rate sensitivity is observed with maximum value m max 0.044 at T 213 K, Fig. 2a and b. This phenomenon of high strain rate sensitivity is more important at low temperatures in the same range of strain rates, as it can be seen in Fig. 2b (m low T ) m room T ). A substantial increase of the rate sensitivity at low temperatures for BCC metals is related to the thermally activated Peierls potential, see for example the works of Conrad (1964) and Klepaczko (1994) . It is clear from this observation that the coupling T À _ e p is essential in a correct definition of the transition between the ''athermal'' and thermally activated processes of plastic deformation, notably at low temperatures, but also at high strain rates above room temperature. This effect of the transition from ''athermal'' to thermal activation is demonstrated in Fig. 3a and b; the strain rate transition at room temperature is observed to be in the range 10 s 1 < _ e p 6 100 s 1 (Rusinek, 2000; Nowacki, 2001; Mourro, 2002) and in the range 10 2 s 1 < _ e p 6 10 1 s 1 at T 213 K, Fig. 2a . It can be also observed that the strain rate sensitivity at room temperature is not constant, Fig. 3a and b. Three characteristic regions how the rate sensitivity varies were reported by Campbell and Ferguson (1970) . The comparison between the experimental data and various constitutive relations is discussed in the next section. The comparison is given in terms of true stress and true strain obtained in tension by use of the standard relations. The definition of the true strain takes into account the diminution of the cross-sectional area of the specimen during plastic deformation. The cross-section reduction gives rise to necking and the loss of homogeneity of plastic deformation. The experimental curves in the form of true stress versus true strain obtained at different temperatures and strain rates can be used to identify the material constants in the RK constitutive relation. The procedure of identification is valid up to the true strain level e p max when the following generalized criterion is reached, which is defined by Eq. (9) : ε=0.10 ( Rusinek & Klepaczko, 2004) : ε=0.10 (Rusinek & Klepaczko, 1998) : ε=0.02 (Rusinek & Klepaczko, 1998) : ε=0.02 (Rusinek & Klepaczko, 2004) Mild steel ES : Numerical simulations, our study : ε=0.02 (Larour & al., 2005) 2. Campbell and Ferguson (1970) . This is the generalized Considère (1885) criterion by Klepaczko (1968) . The RK constitutive relation used in this paper is based on several papers published by Klepaczko and cited in the references. The RK relation takes into account (to some extent) the theory of dislocation dynamics. Here, the relation neglects the microstructural parameters and does not include the evolution of the internal microstructure during plastic deformation. However, this formulation has a sound basis, like the internal and effective stress components, more particularly related to the processes of thermal activation, including behavior at high strain rates, _ e p P 100 s 1 .
Discussion of the RK thermo-visco-plastic constitutive relation
At present several constitutive relations are available to predict by FE the distribution of plastic deformation and failure in structures under impact. Some of them are limited to perfectly plastic approximations with a visco-plasticity. More sophisticated versions such as with thermo-visco-plasticity and strain hardening are also available nowadays. In the last case the plastic flow is a function of strain hardening, strain rate and temperature. Of course, the main task is to approximate precisely the response of engineering structures under impact. The RK constitutive relation is used because the precise constitutive modeling can predict the loading rate effects in terms of strain rate and temperature sensitivity. The final task was implementation of the RK constitutive relation into a finite element code to simulate dynamic processes related to crash tests.
In order to describe the plastic flow of mild steel ES, the observation based on materials science is applied so that the total stress in BCC microstructures is additive in the form of the internal and effective stress components. The unique feature of this constitutive relation is an assumption that the strain hardening is rate and temperature sensitive. In the case of steels, when the strain rate _ e increases a decrease of the rate of strain hardening is observed at the same time. This is due to dislocation multiplication and thermal softening. In the RK formulation, by similarity to the physical models, for example (Seeger, 1957; Klepaczko, 1975; Kocks, 1976; Meyers et al., 2002) , is assumed that the total stress is the sum of two components, the internal stress r l and the effective stress r * .
The first term is directly related to the strain hardening of the material and the second defines the stress contribution due to the thermal activation (combination of temperature and strain rate). Because of the thermal softening of crystalline lattice the both stress components are normalized by temperature-dependent Young's modulus E(T), Fig. 4 . The expression for E(T) is based to some extent on physical considerations (Klepaczko, 1994) , and is given by:
EðT
where h * is the characteristic homologous temperature. The explicit forms for the two stress components are given by Eqs. (12)- (14) and (16). The originality of the expression for the internal stress r l representing strain hardening is an introduction of temperature and strain rate effects via the plasticity modulus Bð _ e p ; T Þ and the strain hardening exponent n, that is nð _ e p ; T Þ. This is postulated by Eq. (12). The latter comes from many experimental observations for steels. Therefore the internal stress is given by
In Eq. (12) e 0 is the strain at the yield stress when e p ¼ 0, Bð _ e p ; T Þ and nð _ e p ; T Þ are respectively the modulus of plasticity and the strain hardening exponent. The explicit expressions for the modulus of plasticity and strain hardening exponent are defined as follows, Eqs. (13) and (14) B
where n 0 is the strain hardening exponent at T 0 K, D 2 is the material constant, _ e max and _ e min are respectively the maximum and minimum strain rates assumed in the model, B 0 is the plasticity modulus at T 0, the constant m characterizes the temperature sensitivity of flow stress, T m is the melting point.
A restriction is imposed on the strain hardening exponent, Eq. (14). Negative values of the strain hardening exponent n are not allowed in the present case. In fact, a negative value of the strain hardening exponent nð _ e p ; T Þ resulting from the temperature increase DT at an imposed strain rate _ e p would induce an increase of the stress level during plastic deformation, Fig. 5b , whereas in general case the material must soften. Such effect is in contradiction to the physical observations in steels (with exception of Dynamic Strain Ageing -DSA). A temperature increase generally induces a decrease of strain hardening rate and also the stress level. Therefore this restriction must be imposed automatically in finite element calculations, that is nð _ e p ; T Þ P 0.
If the argument in Eq. (14) is negative, then n 0 and the limit is the ideal plasticity. The limiting strain rate _ e c p for n 0 can be obtained experimentally, and its value is usually high. The effective stress r Ã ð _ e p ; T Þ in the RK formulation is the simplified form of Eq. (4) based on the thermal activation strain rate plasticity. This stress component is given by
where m * 1/m is the coefficient of the effect of temperature and strain rate on the effective stress, D 1 is the material constant, r Ã 0 is the effective stress at T 0 K, T m is the melting point and _ e max is the maximum strain rate limiting validity of the equation. Another limit is the lowest strain rate when r Ã ¼ 0 at specific temperature. The condition is defined below: (17) . In this case, the evolution of stress is defined only by the internal stress r l representing the contribution of strain hardening without thermal activation. The temperature evolution of the effective stress is manifested by a decreasing function of temperature.
Combination of the two stress components yields the thermal softening of material during temperature increase due to the conversion of plastic work into heat. The temperature effect on the effective stress r * is shown for several strain rates in Fig. 5a . This figure shows that at higher temperatures and lower strain rates the contribution of the effective stress r * is more limited.
To calculate the adiabatic increase of temperature, DT A , resulting from the plastic work converted into heat, the balance of energy, Eq. (18), must be coupled with the complete form of the constitutive relations, Eq. (13)-(16). Neglecting the adiabatic increase of temperature that occurs at high strain rates will cause a rise of strain hardening during the process of plastic deformation and will not allow to study properly the problems of plastic instabilities such as the formation and propagation of adiabatic shear bands, Batra and Kim (1990) . The adequate equation for the adiabatic increase of temperature is given by
where T 0 is the initial temperature, q is the density, C p is the specific heat at constant pressure (assumed constant during numerical simulation) and b is the Taylor-Quinney coefficient which may vary with plastic deformation (Macdougall, 2000; Hodowany et al., 2000) . Here the constant value has been assumed, b 0.9. A comparison of the RK analytical predictions with experimental results obtained for ES steel is shown in Fig. 6a-f . There is good agreement between stress predictions and experiments for this steel. The second observation is a small effect of temperature on Young's modulus at temperatures below room temperature. However at high temperatures, the decrease of Young's modulus E(T) is very pronounced, this causes a decrease of the elastic wave speed with the rise of temperature.
With the specified set of constitutive equations, and after identification of the material constants by an algorithm that begins with the starting point defined by the lowest critical strain rate and the lowest critical temperature (Rusinek, 2000) , the algorithm is based on an optimization method of least squares. The comparison between experimental results and analytical predictions as it is shown in Fig. 6a-f , leads in general to good approximations by RK model. The comparison is obtained in the form of true stress and true plastic strain at different strain rates and in isothermal and adiabatic conditions. The material constants are given in Table 3a . In addition to the plots obtained for the RK constitutive relations, the r(e) plots for the Johnson-Cook relation are given. At higher strain rates the r(e) curves are adiabatic.
Very good agreement is obtained between the RK approximations and experiments for entire strain rate range presented in Fig. 6, 10 3 s 1 6 _ e p 6 130 s 1 . A more detailed comparison is given elsewhere, for both tension and shear up to maximum strain rate close to 5 · 10 3 s 1 , (Rusinek, 2000; Rusinek and Klepaczko, 2001) . A comparison is shown in Fig. 7 between the predicted temperature effect and experimental data at two strain rates, _ e p ¼ 10 3 s 1 and _ e p ¼ 10 1 s 1 , which were selected for the ease of reaching them experimentally. A relatively wide range of temperatures was applied using a temperature chamber with a standard quasi-static universal machine. More recently, the RK constitutive relation has also been analyzed to define accurately the material constants for different kind of new steels frequently used in automotive industries, DP600 (Larour et al., 2005) , TRIP 700 (Larour et al., 2007) , H340LAD (Larour et al., 2007) Fig. A2 ). The constants for two additional materials are given in the appendix to proof the validity of the model for wide range of strain rates and also for a pre-strained material at different rates.
In addition to those experimental validations, the RK constitutive relation was compared with various models commonly used and pre-implemented in commercial finite element codes. This was done in order to simulate dynamic processes, for example by application of the Johnson and Cook (1983) in which A, B, C and D are material constants, n is the strain hardening exponent, m is the temperature sensitivity, _ e 0 is the limit of the model in terms of strain rate, r sta is the reference stress level in quasi-static loading and 1/p defines the strain rate sensitivity, T * is the normalized temperature. Moreover, the JC relation does not allow to predict correctly variations of the hardening rate h which is introduced via the constant strain hardening exponent n, therefore it does not depend on strain rate and temperature, h ¼ K 0 nðe p Þ n 1 , where K 0 is the material constant obtained at _ e p ¼ const and T * const. An excessive strain hardening reached at large strains perturbs all analyses of dynamic instabilities at high strain rates.
The well known model of Zerilli-Armstrong is not included in this comparison since it is more physical and some background of materials science is necessary for a detailed discussion. However the parabolic strain hardening causes the same effects as mentioned above. It is well known that for the most BCC lattices the strain hardening rate h depends on strain rate and temperature. Recently, a comparison was reported by Van Slycken et al. (2006) , between the RK and JC constitutive relations for TRIP steel in terms of strain rate sensitivity and strain hardening. The constitutive relation proposed by Zhao and Gary (1996) , Eq. (21), developed initially for mild steel ES, was also plotted for comparisons in Fig. 3 . This relation is sometimes preimplemented in commercial FE codes and used to simulate behavior of crash-boxes in automotive industries.
where A, B, C, D and E are material constants, n is the strain hardening exponent, m and k define strain rate sensitivity and _ e 0 is the limit of validity of the model. The difficulties with this relations stems from the negative value of D if _ e 0 P _ e p . When numerical simulations are performed without proper attention, the third term in Eq. (21), leads to negative values of stress.
Comparison between all those constitutive relations and the results of experiment is shown in Fig. 3a , as a function of strain rate. A fairly good representation of the behavior is seen when using the RK constitutive relation presented in this paper, whereas the Cowper-Symonds relation is not able to predict the rate effect correctly, if the strain rate is above _ e p > 10 1 s 1 . The same holds for the JC relation and that of Zhao and Gary (1996) , which does not allow for a correct prediction of the rate sensitivity in the same range of strain rates. Moreover, the version introduced by Zhao and Gary (1996) does not include the strain rate and temperature effects in the strain hardening ðh ¼ Bnðe p Þ n 1 Þ as discussed previously. The problem found in the original version of the JC relation is directly related to the linear rate effect in the logarithmic scale, C is assumed constant and this is in disagreement with the experimental observations. Recently some authors have proposed a correction of this problem by introducing a complementary second term in the strain rate part of the JC relation, (Peixhino et al., 2003) , but the problem persists at high strain rates when the temperature increase induces thermal softening of material due to adiabatic heating, an effect not well defined in the relation of Johnson and Cook (1983) . Thus, if an energy criterion is used to define the failure of a structure, the failure appears quickly with the JC approximation, underestimating the mechanical resistance of the structure. A study of this effect on DP 600 steel was reported by Rusinek et al. (2004) . A complementary advantage found in the RK constitutive relation is a possibility to take into account the stress behavior during a jump of strain rate from low to high or vice versa, Fig. 8a and b. Such behavior was observed experimentally by Klepaczko and Duffy (1982) for BCC metals submitted to a jump of strain rate at a specific plastic strain, characterized by a raise of stress in comparison to the original stress level at the same strain rate, can be to some extent modeled by the RK relation. Such behavior was interpreted by a microstructure evolution. More exactly, for a positive jump of strain rate ð _ e 1 p ! _ e 2 p ; _ e 1 p < _ e 2 p Þ the stress overshoot was observed in comparison to the r(e) curve obtained with the same strain rate. On the contrary, the stress level was lower when a negative jump of strain rate was applied ð _ e 2 p ! _ e 2 p Þ. In the present modeling such effect is not directly related to the microstructural evolution but is similar due to the adiabatic heating which produces similar phenomenon. Thus, in metallic materials with BCC microstructures such as mild steel, it is not necessary for engineering purposes to introduce a more complicated physical modeling but it is sufficient to introduce a more precise approximation of the strain hardening coupled with temperature and strain rate. This is not so for FCC metallic materials where the effect of microstructure evolution at different strain rates is more important. This is demonstrated during jumps of strain rate, Klepaczko and Duffy (1982) , also Klepaczko and Chiem (1986) . This point is important when a constitutive relation is applied in combination with an energetic failure criterion. In fact, the critical energy of failure can be well defined with the RK approach. Fig. 8c indicates a substantial difference during the first stage of deformation after a positive strain rate jump, then the energy increases in comparison to that obtained by the continuous loading at the same strain rate.
4. Introduction of the RK constitutive relation into an integration algorithm for a numerical code
Implicit integration scheme of the constitutive model
The fundamental hypothesis of the whole 3D constitutive model, complementary to the Eqs. (9)- (16) are hypoelastic-plastic behavior, additive decomposition of the rate of deformation tensor commonly assumed for hypoelastic-plastic materials (Nemat-Nasser, 1982; Khan, 1998) , isotropic elastic behavior defined through the generalized Hooke's law, J 2 plasticity with isotropic hardening, associated flow rule and isotropic thermal deformation. This set of non-linear equations should be integrated through a stress update algorithm. Within the finite element method, this integration process is local in space, that is, it occurs at quadrature points of the finite elements. The incremental integration of the constitutive model is regarded as a strain-driven process (Simo and Taylor, 1985) in which the increment of the total strain tensor at each quadrature point is given at a certain time, and both stress and state variables, defined as plastic strain, plastic strain rate and temperature, should be updated, preserving consistency if possible. That is, the stress must remain on the yield surface. With an explicit integration scheme such as the forward Euler, updated values of stress and state variables do not satisfy the yield condition at step n + 1, so an implicit algorithm is required to avoid drift from the yield surface.
To solve this system of incremental equations, the implicit algorithm proposed by Zaera and Fernández-Sáez (2006) has been used and extended to the thermoviscoplastic hardening relation. The algorithm belongs to the class of methods called return mapping algorithms, Fig. 9 , which are robust, accurate and widely used in practice (Simo and Ortiz, 1985; Simo and Taylor, 1986) . The stress update is performed in two steps, an elastic predictor driven by an elastic increment in total strain leading to a trial stress state, and a plastic corrector which returns or projects the trial stress onto the revised yield surface in the direction specified by the plastic flow rule. The second step, which is performed iteratively, accounts for hardening or softening of the material (expansion or shrinkage of the yield surface). In order to preserve the physical meaning of the proposed thermoviscoplastic hardening relation, the proposed algorithm enforces, at every quadrature point, the equality of equivalent stress and yield stress for updated values of plastic strain, plastic strain rate and temperature. This follows the so-called consistency visco-plastic model, Eq. (22), due to Wang et al. (1997) . Since the consistency is expected during plastic flow, the following equation is imposed
This condition could be written as an equation, Eq. (23), where the only unknown is the increment of the plastic multiplier Dk
trial being the equivalent stress at the trial elastic state. To solve Eq. (23) the Newton-Raphson iterative procedure is used. The linearization of the consistency condition, Eq. (23), and solving of the iterative increment in Dk leads to the following equation
The expressions for the different derivatives of the yield function are given in Appendix A. The plastic multiplier increment is revised after each iteration, and all state variables are updated when f n+1 is below a required value. To integrate the rate equations in a finite deformation frame preserving incremental objectivity, the equations were rewritten in the neutralized or corotational configuration (Simo and Taylor, 1985; Doghri, 2000; Hagege, 2004; Ponthot, 2002) , therefore the complicated objective stress rate present in the elastic behavior law can be computed as a simple time derivative. Moreover, the rate equations defined above are form-identical in the neutralized configuration and a small deformation formulation could be used to integrate the thermoviscoplastic constitutive model.
Validation of the algorithm and the effect of elastic wave propagation and dynamic plasticity via RK constitutive relation
In order to validate the constitutive modeling by RK approach, several numerical simulations were performed of dynamic tension tests of sheet steel ES (Rusinek et al., 2005) . The specimen shape and the meshes are depicted in Fig. 10a and b. The aim of this simulation was to compare the stress-strain curves obtained directly by analytic formulation with the numerical results obtained by reconstruction of the r À e p j _ e p curve. The results are shown in Fig. 11 . The numerical simulation agrees well with the analytic predictions of the RK constitutive relation. The differences appear at large deformation when necking emerges. A simple reason is that the geometrical instability is not included in the analytic form of the constitutive relation. The material constants were identified for the homogeneous deformation field. An additional validation of the algorithm can be found in Rusinek and Zaera (2007) , where the problem of dynamic ring expansion was simulated using the same numerical procedures.
Conclusions
By the combination of the original thermoviscoplastic constitutive relation and a new integration scheme that includes strain hardening, strain rate sensitivity and temperature effects, it is possible to simulate and study a variety of processes of dynamic loading and impact. Complementary to the effort focussed on the development of sophisticated finite element tools and technical details of the finite element formulations, special attention must be paid to a kind of the constitutive relation which will allow to identify precisely the physical processes in dynamic plasticity. Those problems are well demonstrated by Rusinek and Zaera (2007) in the case of dynamic ring expansion. It was shown that the rate sensitive strain hardening strongly affects the number of fragments with the applied radial velocity. The constitutive relation presented in this paper may also be used to solve analytical problems as well as to be applied in a finite differences scheme. This is possible since the stress derivatives of all arguments can be found analytically (see Appendix, Eqs. (A.1)-(A.6) ). With only eight fundamental material constants a wide range of strain rates and temperatures can be covered in sufficient precision. The most important innovation in the RK constitutive formulation is introduction of the rate and temperature strain hardening in the form of nð _ e p ; T Þ. Such modification enables numerical studies of all kinds of instabilities in dynamic plasticity.
Appendix A 
